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We study investment strategy in different models of financial markets, where the investors 
cannot reach a perfect knowledge about available assets. The investor spends a certain 
effort to get information; this allows him to better choose the investment strategy, and 
puts a selective pressure upon assets. The best strategy is then a compromise between 
diversification and effort to get information. 

1. Introduction 

Standard theory in finance assumes perfect information. For example, portfolio 
theories and CAPM (Capital Asset Pricing Model) reduce investment strategies 
to a mechanic optimization problem, with a given set of parameters like expected 
returns and volatility (see [2]). In real life the property of an asset, say a stock, 
cannot be characterized simply by a few parameters. In fact the possible sources of 
influence on a stocks price must be unlimited. On the other hand, not all parameters 
are as important and nobody has inflnite effort to study all of them. 

We present an alternative study of investment strategies. We consider all the 
information is imperfect, but upon the investor's diligent effort, the precision can 
be improved. But there is a limit: even with infinite effort precise prediction is 
not possible. This is similar in spirit with the approach followed by Grossman and 
Stigiitz [4] , but our approach is simpler and has wider applicability. The important 
difference separates ours from [4] is that we do not equalize information cost and 
its monetary value. We use instead the concept of effort^ which cannot always 
be bought — having to do with an investor's experience and quality. These human 
factors were consistently omitted in economics literature. 

We use two sets of parameters (i.e. information): one is the reality which can 
never be known exactly; the other the perceived values which are always distorted 
by investors. With increased effort an investor can improve the precision of infor- 
mation, leading to better gains. Not only an investor gains, thanks to his diligent 
effort, he does also a social service by putting pressure on the worse performing op- 
portunity (e.g. a stock), whereas encouraging the better opportunity to grow with 
increased capital. In a sense every increase in effort puts additional evolutionary 
pressure among the opportunities. 
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Human effort is always finite. Be it a big investment bank or a day trader, 
the effort (including monetary cost) that can be used to search out more precise 
information about investment opportunities. If this sounds evident, then we are led 
to the inevitable conclusion that a rational investor should not diversify too much. 
The logic runs as follows: an investor has the total effort to spend on finding out 
information. There are a sufficiently large number of opportunities available. If 
he concentrate on only one of them, then he can expect to obtain good quality of 
information on that one, while remains ignorant of all the others. We know that 
diversification is a good thing: it reduces fluctuation with the same expected "gain" . 
Thus more leverage can be used to achieve higher gain, with the same volatility. So 
our investor would heed the advice from standard theory to diversify — but only to 
a point. In fact, the rational way for him is diversify somewhat, to still obtain a 
reasonable estimate of the considered options. There is a compromise between the 
benefit of diversification and deepened knowledge. Too much diversification dilutes 
his effort since he has to divide his total available effort among the alternatives. Of 
course the total diversification is also a strategy, if he has no effort /time to study 
the investment opportunities, then he is well advised to buy into an index fund. 
But, on the other hand, if everybody does the same: i.e. uses no-effort strategy, 
then the evolutionary pressure is no longer there, and the index (i.e. the average 
expected gain of all the opportunities) would not even be there! 

We also consider the structure of an investment network. In investment there 
are so-called Favorable Games (FGs), provided by producers (see [3]). However, 
producers cannot keep all the potential benefit to themselves since the initial fluc- 
tuations are very large. There is a symbiosis between the producers and speculators, 
in fact they form a network. The network as a whole acts as an organism of digest- 
ing the original FGs, with successive levels absorbing the initial shocks, transmitted 
from the producers downstream. Farther away from the initial producer level, the 
shocks are more and more attenuated, but the expected gains also get reduced. In 
a society somebody may find himself sitting comfortably at the "safer" levels, while 
some other might be interested in finding a place on the front " producer line" . This 
web-like network in fact can be argued as the most efficient system in finding and 
exploiting the original FGs. 

2. Information and Diversification 

A reasonable way to describe assets price variations (on a given time-scale) is to 
assume them to be multiplicative random walks with log-normal step. This comes 
from the assumption that growth rates of prices are more significant that their ab- 
solute variations. So, we describe the price of a financial assets as a time-dependent 
multiplicative random process. We introduce a set of N Gaussian random variables 
Xi{t) depending on a time parameter t. By this set, we define N independent mul- 
tiplicative Gaussian random walks, whose assigned discrete time evolution is given 
by 
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for i = 1, ... ,7V, where each Xi{t) is not correlated in time. To optimize an in- 
vestment, one can choose different risk-return strategies. Here, by optimization we 
will mean the maximization of the typical capital growth rate of a portfolio. In 
[1] it was shown that a capital W{t), invested into different financial assets who 
behave as multiplicative random walks, grows almost certainly at an exponential 
rate (In "^^-^^^^ ), where one must average over the distribution of the single multi- 
plicative step. We assume that an investment is diversified according to the Kelly's 
optimum investment fraction, in order to max;imize the typical capital growth rate 
over N assets with identical average return a = (e^'*^*') — 1 and squared volatility 
A = (e^^'(*)) — (e^'*-*^)^. On each asset, the investor will allocate a fraction fi of 
his capital, according to the return expected from that asset. The time evolution 
of the total capital is ruled by the following multiplicative process 

N 

W{t + 1) = [1 + ^ /,(e--(*) - l)]W{t). (2.2) 

First, wc consider the case of an unlimited investment, i.e. we put no restriction to 
the value of J2^=i fi- The typical growth rate 

N 

Vtyp = {ln[l + J2Me^^-l)]) (2.3) 

i=l 

of the investor's capital can be calculated through the following 2nd-order expansion 
in e^' — 1 if we assume that fluctuations of prices are small and uncorrelated, that 
seems to be quite reasonable (see also [1]): 

Vtyp ^ E[/i((e^) - 1) - f ((e^^) - 2(e-) + 1)]. (2.4) 

By solving -^Vtyp = 0, it easy to show that the optimal value for /j is f°^*{a, A) = 
^.^2" ^ for all i. We assume that the investor has a little ignorance about the real 
value of a, that we represent by a Gaussian fluctuation around the real value of a. 
In the investor's mind, each asset is different, because of this fluctuation = a + ej. 
The ei are drawn from the same distribution, with (e^) = as errors are normally 
distributed around the real value. We suppose that the investor makes an effort E 
to investigate and get information about the statistical parameters of the assets 
upon which he will spread his capital. So, his ignorance (i.e. the width of the 
distribution of the Cj) about the real value of Ui will be a decreasing function of the 
effort "per asset" ^: more, we suppose that an even infinite effort will not make 
this ignorance vanish. In order to plug these assumptions in the model, we write 
the width of the distribution of e as 

(e?)=Do + (^)^ (2.5) 

with 7 > 0. As one can sec, the greater is the more exact is the perception, and 
better is the investment. Dq is the asymptotic ignorance. All the invested fraction 
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f°P'^{ai, A) will be different, according to the investor's perception. Assuming that 



the ei are small, we expand all fi{a + e^) in equation (2.4) up to the 2nd order in 
Ei, and after averaging over the distribution of e^, we obtain the mean value of the 
typical capital growth rate for an investor who provides a given effort E: 



Vtyp = N[A-{Do + {-r)B] (2.6) 
where 

a{3A~a^) (g^ ~ A)^ 

(A + a2)3 ' 2(a2 + A)3' ^ ' ' 

We are now able to find the optimal number of assets to be included in the portfolio 
(i.e., for which the investment is more advantageous, taken into account the effort 
provided to get information), by solving -^Vtyp — 0; it easy to see that the optimal 
number of assets is given by 

that is an increasing function of the effort E, as one can see in the example of Fig. 
1 . Notice that if the investor has no limit in the total capital fraction invested in the 
portfolio (so that it can be greater than 1, i.e. the investor can invest more money 
than he has, borrowing it from an external source), the capital can take negative 
values, if the assets included in the portfolio encounter a simultaneous negative step. 
So, if the total investment fraction is greater than 1, we should take into account 
also the cost of refunding loss to the bank, to predict the typical growth rate of the 
capital. 

3. Knowledge drives Selective Pressure 

We suppose that the investor can choose among A'' different option with different 
average returns. We assume that each asset has an average return ai = (e^') — 1, 
with i = 1,...,N, and a volatility A. As a reasonable hypothesis, we assume 
that in a market, good and bad stocks are equally distributed, but most of them 
behave in an intermediate way. We suppose that the a; are drawn from a Gaussian 
distribution with mean m and variance D, whose density function is written n(a). 
Here, m plays the role of a market index. Moreover, the investor's perception is not 
exact: given a set A of realization of the market, i.e. a set of Oj, the investor adds 
a little "error" on each asset: from the investor's point of view, the set A appears 
to be the set A' — {a'^ ~ ai + 6;}^. The are independent random variables drawn 
from a Gaussian distribution with zero mean and variance d. d is then a measure 
of the precision of the investor. The smaller is d, the clearer is the investor's 
perception of the assets. One can give a rough estimate of the typical growth rate 
of an investor who can choose among the N assets to diversify his portfolio. First of 
all, the investor will look for assets with positive average return: in his perception, 
he will then include in his portfolio only the assets with a positive a,^ . As the and 
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the ai 

with mean m and variance d + D. Thus, to estimate the number n of assets to 
be included in the portfoho, we wiU use is expectation value n ~ NProb{a' > 0), 
where Prob{a' > 0) is the probability to have a value of a' greater than 0. Given 
a set ai, we put them in a decreasing order, so that ai > a2 > ■ ■ ■ > aN. One can 
estimate the value of the ai, that we note where now the index i is referred to the 
order, by means of the condition P{a > ai) — that is 



ai=m + VDT{-). (3.9) 

n 

where we have noted by T{x) the function 

X -> T{x) = {t e ]R I / —=ds = x), (3.10) 

i.e. the "inverse function" of the gaussian cumulative distribution. As in [1], one will 
allocate a fraction /opt(ct) = q:^%/\ asset with average return a and volatility 

A. The average value (i.e. with respect to the distribution of errors and over all 
the possible realization of the market) of the typical growth rate of an investor who 
provides a given effort E is given by eq. who can be written, in case of "small" 
returns, as 



{Vty,{K,d{E))) ^ \Ja,!oA^^ + - -^^^ + A)]. (3.11) 

i=\ 

Again, we expand /"^'(a + e) up to 2nd order in e, and take the average with respect 
of the distribution of the ti, to obtains the expressions for the moments of If 
we note Vb — (V(j,p(A, 0)), the typical growth rate of an investor provided with a 
perfect knowledge of the assets, we are then able to write 

7 ^ / 2 A ^2 

(y«,p(A,d(i;)))^Fo--^ |^^,~^j3 . (3-12) 



where d is a decreasing function of the effort. So, as expected, (Vtyp(A, c?(i?))) is a 
increasing function of the effort provided to get a better knowledge of the market, 
as it is shown in Fig. 2 referring to a ten assets market with a average growth rate 
of -0.5%. 



4. Fixed Investment Fraction 

An investment must be diversified upon different assets, to reduce fluctuation 
and increase typical growth. But in order to reduce fluctuations, the investor must 
include less advantageous assets in his portfolio, in a realistic case. This leads to 
an optimal number of assets included in the portfolio. This mechanism has been 
described by [1]. If the investment is diversified upon n different assets with the 
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following set of average returns and volatilities {ai,A} for i > 1, a priori the 
investors should put a fraction = a^%A • assume that A + ~ A as it 
is often the case in real finance. Thus, the investor should allocate the capital 
fraction ri{ai, A) ~ ^0{oi) on each asset. If the total invested fraction is fixed, and 
equal to C, we have to satisfy the condition X]r=i ~ This can be done by 
introducing a Lagrange multiplier A(n) with the condition X]r=i(^« ~ •^(")) = C*; 
and then the optimal fraction to be invested on asset i is fi — ^ — X{n). Assets 
available on market are not all equal. We suppose to have N assets whose average 
return and squared volatility are {a^, A}. Again, we can reorder the ai to have 
ai > a2 > ■ ■ ■ > ctN- We suppose that the ai are distributed as a Gaussian variable 
around a mean value m with a square deviation equal to D. The mean value acts 
as an average variation of the market index, and the deviation D is a measure of 
the market volatility. Moreover, investor hasn't got an exact perception of the real 
value af. in his perception, the i-th assets has an average return a'^ = ai + ej, where 
ei are drawn from a Gaussian distribution, with mean value (e) = and square 
deviation (e^) — d. The more exact is the perception, the smaller is the d. So, in 
the investor's perception, assets drift values a'^ are still distributed as a Gaussian 
variable, with the same mean value m and variance D + d, as it is the variance 
of the sum of two Gaussian variables. Thus, the investor is led to put on the z-th 
assets a fraction ri{a[,A). To have the maximal diversification, the investor has 
to choose the "best" n assets satisfying the condition that the related investment 
fraction is bigger that the Lagrange multiplier A(n) built upon the n assets, as 
seen in [1]. For a given n, we have nX{n) = ~ ^- The condition to have n 

assets included in the portfolio, is that > A(n) and rn+i < X{n + 1). Then, the 
optimal value of n is given by the self-consistent equation nr„ — J27=i ~ ^- To 
evaluate we use a rough estimate for a'^, that we note a'^, obtained through the 



condition Prob{a[ > a[) = j^. Recalling to the reader the definition ( 3.10 ) of the 
function T, we can write 

'^^ = m^VDTdT{^). (4.13) 
By replacing this expression in the self-consistent equation, we obtain 

-n^)-y:n^)-o. (4.14) 



By solving this equation, one obtains an estimate of the number of assets upon 
which an investor with an "ignorance" d will invest. The dependence on N shows 
that in a more populated market there will be more assets on which it could be 
worth to invest, rather than a less populated one, so that the diversification of the 
portfolio can be made over all "good" assets. 

5. Knowledge is a Driving Force: a Single Cell case 

Now we look with more detail the case of an investor forced to put all his capital 
on two assets (/1-I-/2 — 1), that we still represent as multiplicative Gaussian random 
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walks 

p,(t + l) = e^'(*V,(t), (5.15) 

for i = 1,2. We note by and the mean and the variance of the random walk 
Xi, for i = 1,2. If by / we note the fraction invested on asset "1" , after a 2nd order 
expansion in xi and X2, and assuming that m? <i; Aj, we get 

Vty, f{m, + ^) + (1 - /)(m2 + ^) - - (1 - fr^, (5.16) 

and it is easy to see that the value of / that maximize the typical growth rate is 

We assume that the investor has a wrong perception of the real statistical parame- 
ters mi and m2 of the assets. Then, in his perception m'^ = mi+ei and ttij = m2+e2 
are the mean values of the random walks, then he will allocate a fraction equal to 
/°^*(m-, Aj). If ei and £2 are Gaussian variables with (cj) = and (e?) = d, Vtyp too 
becomes a random variable, whose density function is easily calculated by means of 
standard probability relations for functions of random variable. 

P{V) = i0^5(V^317) exp + Ad{V - ma) + BS{V - mi), 



where 



2d 



Ai + A2 ' 



(5.18) 



A = Pro6(. < =I=i±^i^), (5.19) 

V2d 

^^t^'^ + m2 — mi , , ^ 

B = Prob{x < — ^ =^ -), (5.20) 

v 2(i 



mi-m2 , A1 + A2 , (TOi-m2)^ 
^° - ~^~ + ^~+2(Ai+A2)' ^^-^^^ 

the re-normalization constant Z is such that P(y)(iF = 1, and the probability 
function appearing in the expression of A and B is referred to a normally distributed 
random variable. If A and B are small, the last two terms in the density function 
can be dropped and we obtain the following derivative, as shown in Fig. 3, where 
we have fixed the average growth rates equal to 1% (for both assets), and volatilities 
to 30% (for both assets): 

(VtypYid) = - ] < (5.22) 

ZXl + ZA2 



6. Investment Network 
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We introduce a set of identically distributed multiplicative random walks, to 
describe price variations: 

+ = e"-(*)K(i) (6.23) 

for i = 1, . . . , A^. We note by ao and Aq their average return and volatility, as 
defined above. We note by (.) the average over the distribution of the Xi. The 
web-like model is built in the following way. Starting from i = 1, each pair of 
consecutive assets Pi(t) and pi+i(t) becomes a two-assets portfolio for an investor, 
whose capital stock follows a random walk driven by the "basic" random walks Pi(t). 
In this way, we obtain a new set of N investor (one for each pair of subsequent assets) , 
whose capitals describes a multiplicative random walk "driven" by the basic one. 
Iterating this process of "two-assets investing" over this new set of random walk, 
and assuming periodic boundary conditions (i.e., we add a N-|-l-th site at each 
level identical to the first site) , we build a network made of subsequent levels of N 
investors, that we note W^^^ where I stands for the level and i is the site index. The 
capital of each investors then follows a multiplicative random walk. We introduce 
a generalized multiplicative step, or "return" , by the definition 

Wi"{t) 

The set of the N basic random walks pi (t) is the 0-th level, so that M^/"'' {t) = pi (t) 
and R[°\t) = e^'(*). Even if the model stiU remains a simple description of eco- 
nomical systems, it takes into account two factors: 1) the need of diversification of 
a portfolio, in order to absorb the shocks; 2) the impossibility of getting a perfect 
knowledge about all economic factors, that leads to an upper limit for the diver- 
sification itself. If one could get information "for free", he could invest on all the 
favorable assets, (see Fig. 4). In our model, each agent invests a constant fraction 
/ of his capital in each of the two assets who stand below him. So, investors at the 
1+1-th level are ruled by the following set of equations of motion: 

Wt'\t + 1) = [1 - V + fil^^^t) + B^^(t)Wl'^'^ it)- (6.25) 
for ^ = 0, 1, 2, . . .. From eq. ( |6.25| ), it can be easily seen that 

Rf^^\t) = 1 - 2/ + /(i?f ^(0 + Rf\t)). (6.26) 
and by iteration over all values of Z, we obtain 



i?f)(0 = l- (2/)' + /'$]( )R^\t). (6.27) 



In the following calculation of the average properties values of i?P (t) , we can drop 
the index i and the time parameter t, since the average properties of all the basic 
random walks are identical and every step is independent and we only keep the level 
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indexes I. After some straightforward calculation, we get exact expressions for the 
average return ai = (i?^'^) — 1 at the 1-th level of the network 

ai = (2/)'ao, (6.28) 

and for the squared volatility A; = ((i?^'^)^) - {R'^^^f 

97 

A, = f'Aoi I ). (6.29) 

By these expression, and assuming that i?''^ — 1 <C 1, we can expand the logarithm 
of the r.h.s. of eq.( |6.26| ) up to 2nd order in — 1, and obtain an expression for 
the typical capital growth rate for an investor belonging to the (l+l)-th level of the 
network: 

(In (i?('+i))) ^ 2/(2/ + l)(i?«) - 2/(1 + /) - /2((i?('))2) - /2(i?f (6.30) 
where the last term, that is the correlation between two neighbor sites, is given by 

= [1 + (2/)^«o]^ + /''Ao^^^-^|L_. (6.31) 

One can see in fig. 5, where we have plotted a case in which the basic random 
walks have an average return of 1%, a volatility of 10% and agents invest a 20% 
fraction of their capital on each assets, that investors belonging to upper levels can 
take advantage of the lower ones, who dump the fluctuations coming of the basic 
random walks, but also get a lower gain, since their capital evolution has a weaker 
dependence on the basic, and hopefully favorable, price variations. 
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black circles reresent investors and lines are investments. 
In this model, investors do not diversify strategy, 
thus are too sensible to negative shocks. 



Here, information is free and investors can choose 
to diversify portfolios over all available assets 
(as other investors' capital) 
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of getting information about assets, 
that prevents from investing over all 
favourable games. 
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